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One slide summary

o Problem Description
e Production process involves desirable & undesirable products.
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One slide summary

o Problem Description
e Production process involves desirable & undesirable products.

e Ratio of by-products to total production increases
monotonically.

e Non-convex problem.

@ Contributions
o New discrete time MINLP formulation.

o MIP Approximation & Relaxation schemes.

@ Performance evaluation
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Problem Description
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Production Process

@ The production process creates a mixture of useful products
P and by-products P~.
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@ Decisions span a planning horizon 7.
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process.
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Production Process

@ The production process creates a mixture of useful products
P and by-products P~.

@ Decisions span a planning horizon 7.

@ Discrete decisions determine the start time of the production
process.

@ Continuous decisions determine the production profile
evaluated by production functions f(-) and gp(-).
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Production functions

@ Production function f(+) is a concave function that
determines the maximum production rate as a function of
total production.

Maximum production rate (f)

Total production (v;)
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Production functions

@ Production function f(-) is a concave function that
determines the maximum production rate as a function of
total production.

@ Product fraction functions g,(-) evolve monotonically as a
function of the total production.

Maximum production rate (f) Product fraction (g,)
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Production functions

@ Production function f(-) is a concave function that
determines the maximum production rate as a function of
total production.

@ Product fraction functions g,(-) evolve monotonically as a
function of the total production.

Maximum production rate (f) Product fraction (g,)
— Useful product

r : : t : 1 — By-product

Total production (v,) Total production (v,)

Srikrishna Sridhar, Jeff Linderoth, James Leudtke SILO Seminars: Feb 1, 2012



ovie time

(Loading...)

Srikrishna Sridhar, Jeff Linderoth, James Leudtke



Products.mp4
Media File (video/mp4)


Continuous time formulation

Cumulative production v(t) is calculated using production rate x(t)
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Continuous time formulation

Cumulative production v(t) is calculated using production rate x(t)

Mixture production rate is limited by production function f(-)

x(t) < £(v(t))
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Continuous time formulation

Cumulative production v(t) is calculated using production rate x(t)

Mixture production rate is limited by production function f(-)

x(t) < F(u(2)
Product production rates y,(t) calculated by fraction functions
go(")
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Continuous time formulation

Cumulative production v(t) is calculated using production rate x(t)

Mixture production rate is limited by production function f(-)

x(t) < F(u(2)
Product production rates y,(t) calculated by fraction functions
go(")

yp(t) = x(t) gp(v(t))
Production profiles are active only after the start time z(t)

v(t)=0 Vt < z(t)
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Discrete time MINLP formulations J
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Discrete time formulations

Past models have proposed a natural discretization of this
continuous time model.

Continuous time formulation

(F)

yp(t) = x(t) gp(v(t))

v(t) =0 Vt<z(t)

z(t) T — {0, 1}, increasing
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Discrete time formulations

Past models have proposed a natural discretization of this
continuous time model.

Continuous time formulation

(F) v:  Cumulative production up
to time period t € T.
v(t) = /tx(s)ds x¢  Mixture production during
0 time period t € T.
x(t) < f(v(t)) ¥p,t Product p € P production
during time period t € T.
yp(t) = x(t) gp(v(t)) z;  Facility on/off decision
variable.

v(t) =0 Vt<z(t)

z(t) T — {0, 1}, increasing
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Discrete time formulations

Past models have proposed a natural discretization of this
continuous time model.

Continuous time formulation
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Discrete time formulations

Past models have proposed a natural discretization of this
continuous time model.

Continuous time formulation

(F)

Discrete time formulation (F; )

v(t) = /0 x(s)ds Ve = ;XS
x(t) < F(v(t)) xt < Agf(ve-1)
yo(t) = x(t) gp(v(t)) Yot = Xt 8p(Ve-1)
v(t) =0 Vit < z(t) vi <M z
2(t) T — {0, 1}, increasing 2> 7zt

v
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Formulation F;

How much of product p is produced up to time t?

Discrete time
formulation (F1 )

t
Ve = ZXS

s=0
Xt < Atf(Vt—l)

Yp,t = Xt gp(thl)

vi <M z
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Formulation F;

How much of product p is produced up to time t?

Discrete time

def formulation (F1 )
Wp,t = Yp,s
s<t
s=0
Useful product fraction (g,-) By-product fraction (g,- )
. . xt < Arf(ve-1)
[~
. 0 Yp,t = Xt gp(thl)
o o vi <M z
L —
T‘t];:al Pro;ﬁctlon ?vi) o Tgia\ Progﬁction ((]1?,} o Zt Z Zt_ 1
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Formulation F;

How much of product p is produced up to time t?

def
Wp,t = E :yP,S

s<t

= Z ngP(VS—l)

s<t

Useful product fraction (g,-)

By-product fraction (g,- )

I

L

02 04 05 08
Total Production (v,)
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James Leudtke
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Total Production (v;)

08
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Discrete time

formulation (Fy )

Ve = E Xs

s=0
xt < Atf(Vt—l)
Yp,t = Xt gp(thl)

vi <M z
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Formulation F; formulation

How much product is produced up to time t?

Discrete time

def formulation (F;
Wpt = E :YP,S (F1)
s<t
= E ngP(VS—l)
<t
°= s=0
Useful product fraction (g,-) By-product fraction (g, )
' ZZ3 - Fy| o} ZZ-F Xt S Atf(Vt—l)
o Z o
. . Yp,t = Xt 8p(ve—1)
N7/ % ) 7
5 0 vi <M z
7, / 7,
/,
’ Tg)ial Procﬂizction ?v?,) o Tgia\ Pro;ﬁction ((]1?1) o Zt Z Zt_ 1
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Alternate formulation

Can we do better?
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Alternate formulation

Can we do better?

Can we calculate exactly how much
of product p € P is produced up to
and including time period t 7
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Alternate formulation

Can we do better?

Can we calculate exactly how much
of product p € P is produced up to Continuous time
and including time period t ? formulation (F )

Wp,tZ/o yp(s)ds v(t) = /:x(s)ds
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Alternate formulation

Can we do better?

Can we calculate exactly how much
of product p € P is produced up to Continuous time
and including time period t ? formulation (F )

Wp,t = /0 typ(S)dS v(t) = /0 tx(s)ds

-/ x(s) gp(v(s))ds o (8) < F((E)
[ o yolt) = x(2) go(¥(2))
0

v(t)=0 Vit < z(t)

z(t) T — {0,1},inc
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Alternate formulation

Key Idea

@ Integral of a non-increasing

function is concave .

Useful product fraction (g,+)

Cumulative useful product (k)

Total production (v,)

Total production (v,)
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Alternate formulation

Key Idea

@ Integral of a non-increasing function is concave .
@ Integral of a non-decreasing function is convex.

By-product fraction (g, ) Cumulative by-product (b, )

Total production (v,) Total production (v,)
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Alternate formulation

Key Idea

@ Integral of a non-increasing function is concave .
@ Integral of a non-decreasing function is convex.
o Lets deal with hy(-) instead of gp(-)!

Product fraction (g,) Cumulative product (h,)
— Useful praduct r ~—+Useful product
L —=....By-product 4 —+ By-product

Total production (v,) Total production (v,)
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Comparing formulations

What have we done so far ?

xe < Aef(ve-1)

Yot = Xt 8p(vi-1)

VtSMZt

Z 2 741
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Comparing formulations

What have we done so far ?

Yot = Xt 8p(vi-1)

VtSMZt

Z 2 741 Zt > Zp 1
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Comparing Formulations

Which formulation is better?

t t
vy = ZXS vy = sz
s=0 s=0
xp < AtTL—(Vt—l) Xp < At’c(Vt—l)
Yot = Xt 8p(Ve-1) Yp,t = hp(ve) — hp(vi-1)
vi <M z vi <Mz
zZy > Zt1 Zy > 741
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Comparing Formulations

Which formulation is better?

@ F5 is a more accurate formulation of F than Fy .

Useful product fraction (g,+) By-product fraction (g, )
10f Fyq  wo-LZZ34F) 1
CJF R
0.8 - 0.8 B
0.6 - 0.6 B
0.4 4 0.4 4
0.2 - 0.2+ 4
A
00 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8

Total Production (v,) Total Production (v,)




Comparing Formulations

Which formulation is better?

@ F5 is a more accurate formulation of F than Fy .

@ F, is computationally better because it deals with convex
functions while F; deals with bivariate functions.

Product fraction (g,)

Cumulative product (h,)

— Useful praduct
L —....By-product

~=+Useful product
—+  By-product

Total production (v,)

Total production (v,)
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MIP Approximations & Relaxations J
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Approximations & Relaxations

Mixed Integer Non-Linear Programs (MINLP)

... are slow and hard!
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Approximations & Relaxations

Mixed Integer Non-Linear Programs (MINLP)

... are slow and hard!

Why MINLP is like Cricket
@ It goes on forever.

@ May not produced a result.
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Approximations & Relaxations

But...the MILP force is here

We only need to approximate or relax univariate convex and
concave functions.
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Approximations & Relaxations |
Piecewise Linear Approximation (PLA)

Approximate all the nonlinear production functions with piecewise
linearizations.[1]

Maximum production rate ( Cumulative useful product (g,+) Cumulative by-product (h,

/"”\\\\\

I

Total production (v,) Total production (v,) Total production (v,)
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Approximations & Relaxations |
Piecewise Linear Approximation (PLA)

Approximate all the nonlinear production functions with piecewise
linearizations.[1]

@ Pros
o 'Close’ to a feasible solution of the MINLP formulation.

Maximum production rate ( Cumulative useful product (g,+) Cumulative by-product (h,

/"”\\\\\

I

Total production (v,) Total production (v,) Total production (v,)
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Approximations & Relaxations |
Piecewise Linear Approximation (PLA)

Approximate all the nonlinear production functions with piecewise
linearizations.[1]

@ Pros

o ‘Close’ to a feasible solution of the MINLP formulation.
@ Cons

e Introduces additional SOS2 variables to branch on.

Maximum production rate ( Cumulative useful product (g,+) Cumulative by-product (h,

/"”\\\\\

I

Total production (v,) Total production (v,) Total production (v,)
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Approximations & Relaxations |

Piecewise Linear Approximation (PLA)

Approximate all the nonlinear production functions with piecewise
linearizations.[1]
@ Pros
e 'Close’ to a feasible solution of the MINLP formulation.
@ Cons

o Introduces additional SOS2 variables to branch on.
e NOT a relaxation of the original formulation.

Maximum production rate ( Cumulative useful product (g,+) Cumulative by-product (h,

/"”\\\\\

I

Total production (v,) Total production (v,) Total production (v,)
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Specially ordered sets (SOS)

Approximating f(v¢)
F(ve) = Y Aeof(ao)

o€

Cumulative useful product (g,+)

{ Lay . f(az)] _[fsrf(as)]

Lag, f(d)] i i 1
Total production (v,)




Specially ordered sets (SOS)

Approximating f(v;)

Cumulative useful product (g,+)

f(Vt) ~ Z )\tyof(ao)
: : : i o€
Lo fla)] L)) 1=) Ao
/f : | oeO

lag, f(d9)] i i 1
Total production (v,)




Specially ordered sets (SOS)

Approximating f(v;)
f(Vt) ~ Z )\tyof(ao)

Cumulative useful product (g,+)

: : : ] [ I<(@)
lafla)) T 1= Z e
: : /’f : | ocO
OWICY) 28
’ Structure: Only two adjacent
» : : 1 non zeros.
Lag, f(ay)] i i i

Total production (v,)



Specially ordered sets (SOS)

Approximating f(v;)

Cumulative useful product (g,+)

f(Vt) ~ Z )\tyof(ao)
‘ ‘ ‘ | ocO
Lo fla)] L)) 1=) Ao
: : /’f : | ocO
(W)
’ Structure: Only two adjacent
/ : : : 1 non zeros.
log. flag)] ‘ ‘ {Atolo € O} € S0S2

Total production (v,)



Piecewise Linear Approximation (PLA)

Piecewise Linear
Approximation (PLA)

t
Vi = E Xs
s=0




Piecewise Linear Approximation (PLA)

Piecewise Linear
Approximation (PLA)




Piecewise Linear Approximation (PLA)

Piecewise Linear
Approximation (PLA)




Piecewise Linear Approximation (PLA)

Piecewise Linear
Approximation (PLA)

Yp,t = Wp,t — Wp,t—1

Wp,t = E Hpo At,o

Ve <M z ocO
Zy 2 Zp1

Zt > Zt—1 Zy = E )\1_-70
(110

{)\1_—7o|0 & O} € S0S2




Approximations & Relaxations Il

Secant Relaxation (1-SEC)

Relax all the nonlinear production functions using inner and outer
approximations. 2]

Maximum production rate ( Cumulative useful product (h,-) Cumulative by-product (k,
< _ i oy

SINLT

ST

Total production (v,) Total production (v;) Total production (v,)
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Approximations & Relaxations Il

Secant Relaxation (1-SEC)

Relax all the nonlinear production functions using inner and outer
approximations. 2]

@ Pros

o Relaxation of the original formulation.
e Does NOT introduce additional SOS2 variables.

@ Cons

e May not be ‘close’ to a feasible solution of the MINLP
formulation.

Maximum production rate ( Cumulative useful product (h,-) Cumulative by-product (k,
< _ i oy
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Secant Relaxation (1-SEC)
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Approximations & Relaxations Il

Multiple Secant Relaxation (k-SEC)

Relax all the nonlinear production functions using inner and outer
approximations but use multiple secants instead of a just a single
one.

Cumulative useful product (r,-)  Cumulative by-product (h,-)
7z
Total production (v,) Total production (v,)
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Relax all the nonlinear production functions using inner and outer
approximations but use multiple secants instead of a just a single
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Approximations & Relaxations Il

Multiple Secant Relaxation (k-SEC)

Relax all the nonlinear production functions using inner and outer
approximations but use multiple secants instead of a just a single

one.
@ Pros
o 'Close’ to a feasible solution of the MINLP formulation.
o Relaxation of the original formulation.
@ Cons

o Introduces additional SOS2 variables to branch on.

Cumulative useful product (r,-)  Cumulative by-product (h,-)

Total production (v,) Total production (v,)
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Multiple Secant Relaxation (k-SEC)

Multiple Secant Relaxation (k-SEC)
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Performance Evaluation J
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@ Impact on formulation accuracy in going from F; to F»

@ Impact in solution time in going from F; to F» as solved by
our models.

Sample Application

Transportation problem with production facilities manufacturing
products for customers.
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Performance Evaluation
Sample Application
@ Transportation problem with production facilities Z
manufacturing products P for customers 7.
@ Demand made by customers are known a priori.

o Facility operations follow known production functions.

o Facilities incur fixed, operating, transportation and penalty
costs.
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Comparing formulations: Small instances

Table: Comparing solution quality of the two different MINLP formulations F;
and F» using BARON

Formulation Solution difference
|Z| [T |P| Fy Fy Ay/", +(Range : 0 — 30)
Solution Best F; Repaired Solution Best Fj Maximum Average
Bound Feasible F1 Bound Feasible (Vi, p, t) (Vi, p, t)
Solution Solution Solution
5 5 2
0.171 0.200 0.272 0.208 0.219 5.17 0.47
Useful product fraction (g,-) By-product fraction (g, )
1 ZZA-F; 10272
| m— Y | — 2
o o
o o
o o
o o
o o

o3 ) o5 08 03 o4 0% )
Total Production (v;) Total Production (v,)

ishna Sridhar, Jeff Li th, James Leudtke SILO Semi Feb 1, 2012



Comparing formulations: Small instances

Table: Comparing solution quality of the two different MINLP formulations F;
and F» using BARON

Formulation Solution difference
|Z| [T |P| Fy Fy Ay/", +(Range : 0 — 30)
Solution Best F; Repaired Solution Best Fj Maximum Average
Bound Feasible F1 Bound Feasible (Vi, p, t) (Vi, p, t)
Solution Solution Solution
5 5 2
0.171 0.200 0.272 0.208 0.219 5.17 0.47
Useful product fraction (g,-) By-product fraction (g, )
1 ZZA-F; 10272
| m— Y | — 2
o o
o o
o o
o o
o o

o3 ) o5 08 03 o4 0% )
Total Production (v;) Total Production (v,)

ishna Sridhar, Jeff Li th, James Leudtke SILO Semi Feb 1, 2012



Comparing formulations: Small instances

Table: Comparing solution quality of the two different MINLP formulations F;
and F» using BARON

Formulation Solution difference
|Z| [T |P| Fy Fy Ay/", +(Range : 0 — 30)
Solution Best F; Repaired Solution Best Fj Maximum Average
Bound Feasible F1 Bound Feasible (Vi, p, t) (Vi, p, t)
Solution Solution Solution
5 5 2
0.171 0.200 0.272 0.208 0.219 5.17 0.47
Useful product fraction (g,-) By-product fraction (g, )
1 ZZA-F; 10272
| m— Y | — 2
o o
o o
o o
o o
o o

o3 ) o5 08 03 o4 0% )
Total Production (v;) Total Production (v,)

ishna Sridhar, Jeff Li th, James Leudtke SILO Semi Feb 1, 2012



Comparing formulations: Small instances

Table: Comparing solution quality of the two different MINLP formulations F;
and F» using BARON

Formulation Solution difference
|Z| [T |P| Fy Fy Ay/", +(Range : 0 — 30)
Solution Best F; Repaired Solution Best Fj Maximum Average
Bound Feasible F1 Bound Feasible (Vi, p, t) (Vi, p, t)
Solution Solution Solution
5 5 2
0.171 0.200 0.272 0.208 0.219 5.17 0.47
Useful product fraction (g,-) By-product fraction (g, )
1 ZZA-F; 10272
| m— Y | — 2
o o
o o
o o
o o
o o

o3 ) o5 08 03 o4 0% )
Total Production (v;) Total Production (v,)

ishna Sridhar, Jeff Li th, James Leudtke SILO Semi Feb 1, 2012



Comparing formulations: Small instances

Table: Comparing solution quality of the two different MINLP formulations F; and F5 using BARON

Formulation Solution difference
|Z| Al |P| Fi Fa Ay,-’fp +(Range : 0 — 30)
Solution Best F; Repaired Solution Best Fp Maximum Average
Bound Feasible F1 Bound Feasible (Vi, p, t) (Vi, p, t)
Solution Solution Solution
5 5 2 0.171 0.200 0.272 0.208 0.219 5.17 0.47
5 5 2 0.150 0.177 0.228 0.181 0.186 5.04 0.33
5 5 2 0.157 0.175 0.243 0.190 0.198 4.68 0.40
5 10 2 0.255 0.369 0.381 0.325 0.340 0.41 0.06
5 10 2 0.256 0.358 0.388 0.324 0.341 1.33 0.12
5 10 2 0.303 0.377 0.464 0.385 0.399 3.14 0.34
10 10 2 0.357 0.607 0.770 0.637 0.670 4.49 0.32
10 10 2 0.507 0.784 0.954 0.797 0.820 3.84 0.32
10 10 2 0.377 0.692 0.754 0.645 0.675 2.60 0.13
15 10 2 0.656 1.085 1.308 1.100 1.141 3.84 0.30
15 10 2 0.540 0.960 1.053 0.903 0.945 2.16 0.14
15 10 2 0.552 1.033 1.090 0.901 0.940 1.01 0.08
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Comparing MIP schemes: Large instances

Table: Comparing gaps of F; (with BARON) with MIP formulations (with Gurobi) of F5 on large instances
with more than 200 binary variables.

|Z| Al |P| Bounds ( Fa ) Best F; feasible solution Time (sec) / [Optimality gap (%)]
1-SEC k-SEC PLA 1-SEC k-SEC F1 PLA 1-SEC k-SEC
15 | 15 2 | 130413 13021 | 141207 1417.74 141698 | [495] [0.86] [0.77]  [L.01]
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Comparing MIP schemes: Large instances

Table: Comparing gaps of F; (with BARON) with MIP formulations (with Gurobi) of F5 on large instances
with more than 200 binary variables.

|Z| Al |P| Bounds ( Fa ) Best F; feasible solution Time (sec) / [Optimality gap (%)]
1-SEC k-SEC PLA 1-SEC k-SEC F1 PLA 1-SEC k-SEC
15 | 15 2 | 130413 13021 | 141207 1417.74 141698 | [495] [0.86]  [0.77]  [L.01]
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Comparing MIP schemes: Large instances

Table: Comparing gaps of F; (with BARON) with MIP formulations (with Gurobi) of F5 on large instances
with more than 200 binary variables.

|Z| |7 |P| Bounds ( Fy ) Best F; feasible solution Time (sec) / [Optimality gap (%)]
1-SEC k-SEC PLA 1-SEC k-SEC F1 PLA 1-SEC k-SEC
15 | 15 2 | 130413 13021 | 141207 1417.74 141698 | [49.5] [0.86] [0.77]  [L.01]
15 | 15 4 | 139138  1385.82 | 143200 143174 143659 | [50.2] [1.60]  [1.41]  [1.62]
15 | 15 6 | 1283.03 12719 | 13262 133560 1330.13 | [81.2] [L97]  [1.89]  [2.23]
15 | 20 2 | 146565 14654 | 150002 151079  1498.87 | [53.0]  [1.90]  [1.67]  [L72]
15 | 20 4 | 157395 157102 | 1663.04 166575  1691.03 | [63.9]  [2.56]  [2.39]  [2.86]
15 20 6 1614.51 1608.73 1691.04 1691.4 1696.03 [83.1] [3.12] [2.71] [3.09]
20 | 20 2 | 218507 2184.68 | 224519 224745 225425 | [58.2] [1.93] [1.98]  [2.14]
20 | 20 2 | 186512 186333 | 190658  1906.93  1905.17 | [49.1]  [1.24]  [1.46]  [L57]
20 20 6 2058.69 2042.32 2163.22 2183.31 2185.59 - [3.05] [3.15] [3.60]
2% | 25 2 | 327420 327023 | 338373 338122 338353 B 228] [235]  [2.63]
2% | 25 4 | 320266 322306 | 3417.42 341346  3437.34 | [83.0] [3.93] [3.60]  [3.96]
% | 25 6 | 297345 20635 | 4465.04 391011 4510904 | [83.2] [322] [229]  [33.6]
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Comparing Algorithms: Large Instances

Table: Comparing gaps of F; (with BARON) with MIP formulations (with Gurobi) of F5 on large instances
with more than 200 binary variables.

|Z| |7 |P| Bounds ( Fy ) Best F; feasible solution Time (sec) / [Optimality gap (%)]
1-SEC k-SEC PLA 1-SEC k-SEC F1 PLA 1-SEC k-SEC
15 | 15 2 | 130413 13021 | 141207 1417.74 141698 | [49.5] [0.86]  [0.77]  [L.01]
15 | 15 4 | 139138  1385.82 | 143200 143174 143659 | [50.2] [1.60]  [1.41]  [1.62]
15 | 15 6 | 1283.03 12719 | 13262 133560 1330.13 | [81.2] [L97]  [1.89]  [2.23]
15 | 20 2 | 146565 14654 | 1500.02 151079  1498.87 | [53.0]  [1.90]  [1.67]  [L72]
15 | 20 4 | 157395 157102 | 1663.04 166575  1691.03 | [63.9]  [2.56]  [2.39]  [2.86]
15 20 6 1614.51 1608.73 1691.04 1691.4 1696.03 [83.1] [3.12] [2.71] [3.09]
20 | 20 2 | 218507 2184.68 | 224519 224745 225425 | [58.2] [1.93] [1.98]  [2.14]
20 | 20 2 | 1865.12 186333 | 190658  1906.93  1905.17 | [49.1]  [1.24]  [1.46]  [L57]
20 20 6 2058.69 2042.32 2163.22 2183.31 2185.59 - [3.05] [3.15] [3.60]
2% | 25 2 | 327420 327023 | 338373 338122 338353 B 228] [235]  [2.63]
2% | 25 4 | 322266 322306 | 3417.42 341346  3437.34 | [83.0] [3.93] [3.60]  [3.96]
% | 25 6 | 297345 20635 | 4465.04 391011 451004 | [83.2] [322] [229]  [33.6]
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Comparing Algorithms: Large Instances

Table: Comparing gaps of F; (with BARON) with MIP formulations (with Gurobi) of F5 on large instances
with more than 200 binary variables.

|Z| |7 |P| Bounds ( Fy ) Best F; feasible solution Time (sec) / [Optimality gap (%)]
1-SEC k-SEC PLA 1-SEC k-SEC F1 PLA 1-SEC k-SEC
15 | 15 2 | 130413 13021 | 141207 1417.74 141698 | [49.5] [0.86]  [0.77]  [L.01]
15 | 15 4 | 130138  1385.82 | 143200 143174 143659 | [50.2] [1.60]  [1.41]  [1.62]
15 | 15 6 | 1283.03 12719 | 13262 133560 1330.13 | [81.2] [L97]  [1.89]  [2.23]
15 | 20 2 | 146565 14654 | 150002 151079  1498.87 | [53.0]  [1.90]  [1.67]  [L72]
15 | 20 4 | 157395 157102 | 1663.04 166575  1691.03 | [63.9]  [2.56]  [2.39]  [2.86]
15 | 20 6 161451  1608.73 | 1691.04 169014  1696.03 | [83.1] [3.12] [2.71]  [3.09]
20 | 20 2 | 218507 2184.68 | 224519 224745 225425 | [58.2] [1.93]  [1.98]  [2.14]
20 | 20 2 | 186512 186333 | 190658  1906.93  1905.17 | [49.1]  [1.24]  [L.46]  [L57]
20 20 6 2058.69 2042.32 2163.22 2183.31 2185.59 - [3.05] [3.15] [3.60]
2% | 25 2 | 327420 327023 | 338373 338122 338353 B [2.28]  [2.35]  [2.63]
25 | 25 4 | 322266 322306 | 3417.42 341346  3437.34 | [83.0] [3.93] [3.60]  [3.96]
% | 25 6 | 297345 20635 | 4465.04 391011 4510904 | [83.2] [322]  [229]  [33.6]

Srikrishna Sridhar, Jeff Li th, James Leudtke SILO Semi Feb 1, 2012



Comparing Algorithms: Large Instances

Table: Comparing gaps of F; (with BARON) with MIP formulations (with Gurobi) of F5 on large instances
with more than 200 binary variables.

|Z| |7 |P| Bounds ( Fy ) Best F; feasible solution Time (sec) / [Optimality gap (%)]
1-SEC k-SEC PLA 1-SEC k-SEC F1 PLA 1-SEC k-SEC
15 | 15 2 | 130413 13021 | 141207 1417.74 141698 | [49.5] [0.86]  [0.77]  [L.01]
15 | 15 4 | 130138  1385.82 | 143200 143174 143659 | [50.2] [1.60]  [1.41]  [1.62]
15 | 15 6 | 1283.03 12719 | 13262 133560 1330.13 | [81.2] [L97]  [1.89]  [2.23]
15 | 20 2 | 146565 14654 | 150002 151079  1498.87 | [53.0]  [1.90]  [1.67]  [L72]
15 | 20 4 | 157395 157102 | 1663.04 166575  1691.03 | [63.9]  [2.56]  [2.39]  [2.86]
15 | 20 6 161451  1608.73 | 1691.04 169014  1696.03 | [83.1] [3.12] [2.71]  [3.09]
20 | 20 2 | 218507 2184.68 | 224519 224745 225425 | [58.2] [1.93]  [1.98]  [2.14]
20 | 20 2 | 186512 186333 | 190658  1906.93  1905.17 | [49.1]  [1.24]  [L.46]  [L57]
20 20 6 2058.69 2042.32 2163.22 2183.31 2185.59 - [3.05] [3.15] [3.60]
2% | 25 2 | 327420 327023 | 338373 338122 338353 B [2.28]  [2.35]  [2.63]
25 | 25 4 | 322266 322306 | 3417.42 341346  3437.34 | [83.0] [3.93] [3.60]  [3.96]
% | 25 6 | 297345 20635 | 4465.04 391011 4510904 | [83.2] [322]  [229]  [33.6]
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Conclusions

@ Problem Description

e Defined a non-convex production process involving desirable &
undesirable products.
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production function.
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Conclusions

@ Problem Description

e Defined a non-convex production process involving desirable &
undesirable products.

e Ratio of by-products to total production increases
monotonically.
e Methods

o Reformulated an existing formulation (F; ) to produce a more
accurate formulation(F, ) based on the cumulative product
production function.

o Devised scalable MIP approximations & relaxations (PLA,
1-SEC, k-SEC).
e Conclusions
e Formulation F5 is a more accurate evaluation of production
operations as compared to F; .

e F; is computationally more desirable than Fy .
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